I
Let g be an integer ≥ 0. In a very insightful article [NS1] , Nekovář and Scholl introduced the category of mixed g-plectic R-Hodge structures, which is a generalization of the category MHS R of mixed RHodge structures originally defined by Deligne [D1] . If we let G be the tannakian fundamental group of MHS R , then the category of mixed g-plectic R-Hodge structures was defined in [NS1, §16] to be the category Rep R (G g ) of finite R-representations of the pro-algebraic group G g . The purpose of this article is to investigate some properties of the category Rep R (G g ). In particular we give a description of objects in Rep R (G g ) in terms of the weight and partial Hodge filtrations. We then give an explicit complex calculating the extension groups in this category. This article arose as an attempt by the authors to understand the beautiful theory proposed by Nekovář and Scholl. The detailed content of this article is as follows. We will mainly deal with the complex case, and will return to the real case at the end of the article. In §2, we review the properties of mixed C-Hodge structures, and will review the construction of the tannakian fundamental group G C of the category of mixed C-Hodge structures MHS C . We will then give in Proposition 2.14 the following explicit description of objects in the category Rep C (G where U C is a finite dimensional C-vector space, {U p,q } is a 2g-grading of U C by C-linear subspaces
and t µ for µ = 1, . . . , g are C-linear automorphisms of U C commutative with each other, satisfying
for any p = (p 1 , . . . , p g ), q = (q 1 , . . . , q g ) ∈ Z g , where the direct sum is over the indices r = (r 1 , . . . , r g ), s = (s 1 , . . . , s g ) ∈ Z g satisfying r ν = p ν , s ν = q ν for ν µ and r µ < p µ , s µ < q µ .
• µ }) be a quadruple consisting of a finite dimensional C-vector space V C , a family of finite ascending filtrations W µ • for µ = 1, . . . , g by C-linear subspaces on V C , and families of finite descending filtrations F • µ and F
• µ for µ = 1, . . . , g by C-linear subspaces on V C . We say that V as above is a g-orthogonal family of mixed C-Hodge structures, if for any µ, the quadruple (
is a mixed C-Hodge structure, and for any µ and ν µ, the C-linear subspaces W We denote by OF g C the category whose objects are g-orthogonal family of mixed C-Hodge structures. A morphism in OF g C is a C-linear homomorphism of underlying C-vector spaces compatible with the partial weight and Hodge filtrations. The main result of §3 is the following: Proposition 1.2 (=Corollary 3.11). For g ≥ 0, we have an equivalence of categories
While writing this paper, Nekovář and Scholl released a new preprint [NS2] , which contains a result similar to Proposition 1.2.
• µ }) is a g-orthogonal family of mixed C-Hodge structures. We define the total weight filtration W • of V to be the finite ascending filtration by C-linear subspaces of V C given by
The purpose of §4 is to give a characterization of a quadruple (V C , W • , {F • µ }, {F
• µ }) which is constructed from OF g C . In particular, we will give in Definition 4.18 the definition of the category of mixed g-plectic C-Hodge structures MHS g C , whose objects are the quadruple (V C , W • , {F • µ }, {F
• µ }) satisfying certain conditions. We will then show in Theorem 4.19 that we have an equivalence of categories as follows:
Theorem 1.3 (=Theorem 4.19). We have an equivalence of categories
In §5, we will introduce the category of mixed g-plectic R-Hodge structures, and show the corresponding results in the real case. We will then prove in Corollary 5.15 that an object in Rep R (G g ) may be given as a subquotient of exterior products of objects in MHS R . The main result of §5 is Theorem 5.27, which gives an explicit complex calculating the extension groups in Rep R (G g ).
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In this section, we will review the definition of the category of mixed Hodge structures MHS C and the tannakian fundamental group G C associated to MHS C . We will then give an explicit description of objects in the category Rep C (G for an integer g ≥ 0 is the g-fold product of G C .
2.1. Definition of the category of mixed plectic C-Hodge structures. In this subsection, we first give the definitions of pure and mixed C-Hodge structures, and review their properties.
Definition 2.1 (pure C-Hodge structure). Let V C be a finite dimensional C-vector space, and let F • and F
• be finite descending filtrations by C-linear subspaces on V C . We say that the triple V :
is a pure C-Hodge structure of weight n, if it satisfies
(1)
for any p ∈ Z. We call the filtrations F • and F • the Hodge filtrations of V.
Example 2.2. The Tate object C(n) := (V C , F • , F • ), which is a C-vector space V C = C, with the Hodge filtrations given by F −n V C = F −n V C = V C and F −n+1 V C = F −n+1 V C = 0 is an example of a pure C-Hodge structure of weight −2n.
It is known that pure C-Hodge structures may be described as follows. 
where
Let V be a pure C-Hodge structure of weight n. The Hodge filtration may be described in terms of this splitting as follows.
Lemma 2.4. If V is a pure C-Hodge structure of weight n, then for any p, q ∈ Z, we have
Proof. If r ≥ p, then we have (F r ∩ F n−r )V C ⊂ F p V C , and if r < p, then n − r ≥ n + 1 − p, hence (F r ∩ F n−r )V C ⊂ F n+1−p V C . The first equality follows from Lemma 2.3 and (1). The second equality is proved in a similar manner.
The definition of mixed C-Hodge structures is given as follows.
Definition 2.5 (mixed C-Hodge structure). Let V C be a finite dimensional C-vector space. Let W • be a finite ascending filtration by C-linear subspaces on V C , and let F • and F • be finite descending filtrations by C-linear subspaces on V C . We say that the quadruple V = (V C , W • , F • , F • ) is a mixed C-Hodge structure if, for each n ∈ Z, the structure induced by F • and F • on Gr W n V C is a pure C-Hodge structure of weight n.
is a mixed C-Hodge structure, then we call W • the weight filtration and F • , F
• the Hodge filtrations of V. The Deligne splitting below gives a generalization of (2) for mixed C-Hodge structures.
Proposition 2.6 (Deligne splitting). Let
be a mixed C-Hodge structure, and let
Moreover, for n, p ∈ Z, the weight and Hodge filtrations on V satisfy
We call the bigrading {A p,q (V)} of V C given in Proposition 2.6 the Deligne splitting of the mixed C-Hodge structure V. The key ingredient for the proof of Proposition 2.6 is the following lemma.
Lemma 2.7. Let V be a mixed C-Hodge structure, and let {A p,q (V )} be the Deligne splitting of V as in (4). Then for any p, q ∈ Z and n := p + q, the canonical surjection [PS, .
We may now prove Proposition 2.6 as follows.
Proof of Proposition 2.6. Let {A p,q (V )} be the Deligne splitting of V. By Lemma 2.7, we have an isomorphism
for any integer n ∈ Z. By the definition of the weight filtration on mixed C-Hodge structures, Gr W n V is a pure C-Hodge structure of weight n, hence we have
by Lemma 2.3. This shows that V C = p,q ∈Z A p,q (V ) as desired. The statements for the Hodge and weight filtrations follow from this result.
Remark 2.8. Exchanging the roles of F • and F
• , we define
Then for any p, q ∈ Z and n := p + q, the canonical surjection
} gives a bigrading of V C , and we have for any n, p ∈ Z
We will use Proposition 2.6 and Remark 2.8 to prove the strictness with respect to the weight and Hodge filtrations of morphism of mixed Hodge structures. We first prepare some terminology.
Definition 2.9. Suppose U and V are finite dimensional C-vector spaces with C-linear subspaces WU ⊂ U and WV ⊂ V. We say that a C-linear homomorphism
is compatible with W if α(WU) ⊂ WV, and that α is strict with respect to W if we have
We denote by MHS C the category of mixed C-Hodge structures. A morphism α : U → V in this category is a C-linear homomorphism α : U C → V C of underlying C-vector spaces compatible with the weight and Hodge filtrations. Then we have the following. Proposition 2.10. Let α : U → V be a morphism in MHS C , and let S be a subset of Z × Z. Then we have
Statements (6) and (7) 
Proof. Since α(A p,q (U)) ⊂ A p,q (V), assertion (6) follows from the fact that the Deligne splitting gives a bigrading (5) of U C and V C . Equality (7) follows from the fact that
and this proves the strictness of α with respect to F • ∩ W • . The strictness of α with respect to
follows from a parallel argument with A p,q replaced by A p,q . The assertion (8) for the pure case follows from (6), noting the fact that
if p + q = n and is zero otherwise.
Using Proposition 2.10, one can prove that MHS C is an abelian category ([D1] Théorème 2.3.5). The following result will be used in the proof of Proposition 4.16.
Corollary 2.11. Let V be a mixed C-Hodge structure. For any C-linear subspace U C of V C , the weight and Hodge filtrations on V induce the filtrations
Suppose two C-linear subspaces U C and U ′ C of V C with the induced filtrations as above are mixed C-Hodge structures. Then U C + U ′ C and U C ∩ U ′ C with the induced filtrations are also mixed C-Hodge structures. Moreover, we have
and
is a morphism of mixed C-Hodge structures, hence is strictly compatible with the filtrations W • , F • and F
• . This implies (9), (10) and (11), and we see that the image U C + U ′ C is also a mixed C-Hodge structure. The natural map
is also a morphism of mixed C-Hodge structures, hence we see that the kernel U C ∩ U ′ C is also a mixed C-Hodge structure.
The category MHS C is known to be a neutral tannakian category with respect to the natural tensor product and the fiber functor ω : MHS C → Vec C obtained by associating to V the C-vector space Gr
If we denote by G C the tannakian fundamental group of MHS C , then G C is an affine group scheme over C. By the definition of the tannakian fundamental group, we have a natural equivalence of categories
induced by the fiber functor ω, where Rep C (G C ) is the category of C-linear representations of G C on finite dimensional C-vector spaces.
2.2. The tannakian fundamental group of MHS C . In this subsection, we will review the construction of the tannakian fundamental group G C of the category MHS C , and give an explicit description of objects in
We denote by L n the free Lie algebra over C generated by symbols T i, j for positive integers i, j with i + j ≤ n. We define the degree of elements of L n by deg(T i, j ) := i + j, and denote by I n the ideal of L n generated by elements of degree larger than n. Then u n := L n /I n is a nilpotent Lie algebra over C. The category Rep nil C (u n ) of nilpotent representations of u n form a neutral tannakian category over C, hence there exists a simply connected unipotent algebraic group U n over C such that Rep
Let S C := G m × G m be the product over C of the multiple group G m defined over C. We give an action of S C (C) on the Lie algebra u n over C by
for any (x, y) ∈ C × × C × = S C (C), hence by functoriality an action of the algebraic group S C on U n . If we denote by U the projective limit of U n , then S C acts on U, and we let G C := S C ⋉ U be the semi-direct product with respect to this action. We will show that G C is the tannakian fundamental group of MHS C . To compare the categories Rep C (G C ) and MHS C , we give an explicit description of objects in Rep C (G C ).
Proposition 2.12. An object in Rep C (G C ) corresponds to a triple U = (U C , {U p,q }, t), where U C is a finite dimensional C-vector space, {U p,q } is a bigrading of U C by C-linear subspaces
and t is a C-linear automorphism of U C satisfying
for any p, q ∈ Z. The morphisms in Rep C (G C ) correspond to C-linear homomorphisms of underlying C-vector spaces compatible with the bigradings and commutative with t.
Proof. Suppose that U C is a finite C-representation of the pro-algebraic group G C . Then U C is a representation of both S C and U, and
gives a bigrading of U C . If n is a sufficiently large natural number, then U C is a representation of U n , hence it is also a representation of u n . Hence we have a nilpotent endomorphism T i, j :
If we let T := i, j>0 T i, j , then T is again a nilpotent endomorphism of U C , and t := exp(T) satisfies (13) by construction. Hence (U C , {U p,q }, t) satisfies the required conditions. Conversely, suppose (U C , {U p,q }, t) satisfies the conditions of the proposition. Then we may define an action of S C (C) on U C by (x, y)·u = x p y q u for any (x, y) ∈ S C (C) and u ∈ U p,q . Furthermore, if we let T := log(t) = log(1+(t −1)), then T is an endomorphism of U C satisfying
by (13). For positive integers i, j > 0, we let T i, j : U C → U C be the morphisms given as the direct sum of morphisms U p,q → U p−i,q−j induced from T, which gives a representation of the Lie algebra u n on U C for a natural number n sufficiently large. This shows that our representation gives a representation of u n on U C , hence a representation of the algebraic group U n on U C . This combined with the action of S C gives a representation of the algebraic group G C = S C ⋉ U on U C . The above construction shows that a representation U C of G C is equivalent to the triple (U C , {U p,q }, t), proving our assertion.
The category Rep C (G C ) is known to be equivalent to the category of mixed C-Hodge structures MHS C . We may define a functor ϕ C : Rep C (G C ) → MHS C by associating to any object U in Rep C (G C ) the object
where V C := U C , the weight and Hodge filtrations are defined by
for any n ∈ Z, and
for any integers p, q ∈ Z.
Proposition 2.13 ([D3] Proposition 2.1).
The functor ϕ C in (14) gives an equivalence of categories
is given by associating to any V ∈ MHS C the object
W p+q V C for any p, q ∈ Z, and the C-linear automorphism t is defined as follows: Let {A p,q (V )} be the Deligne splitting of V given in (4). By Lemma 2.7 we have an isomorphism
Similarly, by Remark 2.8, we have an isomorphism
We denote by s the composition
Then it is known that s is unipotent, and t is defined by
Then we may prove that ψ C • ϕ C = id and ϕ C • ψ C ≃ id. The isomorphism of functors id ≃ ϕ C • ψ C is given by the composition
Recall that G C denotes the tannakian fundamental group of MHS C with respect to ω. Let g be an integer ≥ 0. In [NS1, §16] , Nekovář and Scholl defined the category of mixed g-plectic C-Hodge structures to be the category Rep
As a direct generalization of Proposition 2.12, we have the following explicit description of objects in Rep C (G g C ).
Proposition 2.14.
for any p, q ∈ Z g , where the direct sum is over the indices r, s ∈ Z g satisfying r ν = p ν , s ν = q ν for ν µ and
) correspond to C-linear homomorphisms of underlying C-vector spaces compatible with the 2g-gradings and commutes with t µ .
Proof. For eqch µ = 1, . . . , g, let {U p µ ,q µ µ } be the bigrading and t µ the C-linear automorphism of U C given by the action of the µ-th component of
. Our conditions on {U p,q } and {t µ } correspond to the commutativity of the actions of the g components.
The tensor product and the internal homomorphism in Rep C (G g C ) are given as follows. Suppose
Then the tensor product T ⊗ U is given by the triple
where T C ⊗ C U C is the usual tensor product over C,
for any p, q ∈ Z g , and t µ := t ′ µ ⊗ t ′′ µ for µ = 1, . . . , g. The internal homomorphism Hom(T, U) is given by the triple
where 
where V C := C and the grading of V C is such that
where −1 is at the µ-th component, and V p,q = 0 otherwise, and t µ is the identity map for µ = 1, . . . , g. For any n ∈ Z g , we let
Remark 2.16. For any positive integer µ ≤ g, the natural projection
) with respect to this functor. On the level of objects, this functor may be given by associating to any
where the bigrading is defined by
. . , q g ) = (0, . . . , 0) and U p,q := 0 otherwise, and we let the automorphisms t ν be t ν := t ′ ν for 1 ≤ ν ≤ µ and t ν := id for µ < ν ≤ g. Remark 2.17. Let g 1 , g 2 be integers > 0, and let
with the convention that p 1 :
O C-H
Let G C be the tannakian fundamental group of MHS C with respect to ω. The purpose of this section is to prove an equivalence of categories between the category Rep C (G g C ) and the category of g-orthogonal family of mixed C-Hodge structures OF g C defined in Definition 3.8.
3.1. Categorical version of mixed C-Hodge structures. In this subsection, we will give an iterated description of the category Rep C (G g C ), using the categorical version of mixed Hodge structures. Using the result of Proposition 2.12 as an inspiration, we first define the category of bigraded objects BG(A ) for an abelian category A as follows. Definition 3.1. We let BG(A ) be the category whose objects consist of a triple U = (B, {B p,q }, t), where B is an object of A , {B p,q } is a bigrading of B by subobjects in A
where B p,q = 0 for all but finitely many (p, q) ∈ Z 2 , and t is an automorphism of B satisfying
for any p, q ∈ Z. The morphisms in BG(A ) are morphisms of underlying objects in A compatible with the bigradings and commutative with t.
If A is the category of finite dimensional C-vector spaces Vec C , then Proposition 2.12 shows that BG(Vec C ) is equivalent to the category Rep C (G C ) of finite dimensional C-representations of G C .
Proposition 3.2. For any integer g > 0, we have an isomorphism of categories
). For any p, q ∈ Z, if we let
). If we let t := t g , then we see
and t µ := t ′ µ for µ = 1, . . . , g − 1 and t g := t, then the triple
The automorphism t g is commutative with t 1 , . . . ,
). The above constructions are inverse to each other, hence we have the desired isomorphism of categories. Definition 3.3. Let A be an object in A . Let W • be a finite ascending filtration by subobjects of A, and let F • and F
• be finite descending filtrations by subobjects of A. We say that the quadruple
is a mixed Hodge structure in A , if for each n ∈ Z, the structure induced by F • and
• ) is a mixed Hodge structure in A , then we call W • the weight filtration and F • , F
• the Hodge filtrations of V. We denote by MHS(A ) the category whose objects consist of mixed Hodge structures in A and whose morphisms are morphisms of underlying objects in A compatible with the weight and Hodge filtrations. If A is the category Vec C of finite dimensional C-vector spaces, then we have an isomorphism of categories MHS(Vec C ) = MHS C . As in the case of mixed C-Hodge structures, we have the Deligne splitting for mixed Hodge structures in A .
• ) be a mixed Hodge structure in A , and as in (4), we let
As in the case of mixed C-Hodge structures given in Remark 2.8, a similar statement holds for A p,q , where A p,q is defined by replacing the roles of F • and F • . As in the case of mixed C-Hodge structures, the morphisms in MHS(A ) are strictly compatible with the filtrations, and we may prove that MHS(A ) is an abelian category. We define the functor ϕ : BG(A ) → MHS(A ) by associating to any object
where A := B, the weight and Hodge filtrations are defined by
for any n ∈ Z and
for any integers p, q ∈ Z. By [D3, Proposition 1.2 and Remark 1.3], we have the following result.
Proposition 3.5. The functor ϕ gives an equivalence of categories
We can define a quasi-inverse functor ψ as in (15).
Next, for any integer g ≥ 0, we inductively define the category MHS
Combining this result with Proposition 3.2, we have the following corollary.
Corollary 3.6. We have equivalences of categories
In §3.2, we will use this result to prove that Rep C (G g C ) is equivalent to the category of g-orthogonal family of mixed C-Hodge structures.
3.2. Orthogonal families of mixed C-Hodge structures. In this subsection, we will define the category of g-orthogonal family of mixed C-Hodge structures and show that this category is equivalent to the category Rep C (G g C ). We first define the category of multi-filtered C-vector spaces Fil l m (C).
Definition 3.7. Let l and m be non-negative integers. An object in the category Fil
• µ }) consisting of a finite dimensional C-vector space V C , a family of finite ascending filtrations W λ
• for λ = 1, . . . , l by C-linear subspaces on V C , and families of finite descending filtrations F • µ and F
We define the notion of a g-orthogonal family of mixed C-Hodge structures as follows.
Definition 3.8 (Orthogonal Family). We say that an object
is a mixed C-Hodge structure, and for any µ and ν µ, the C-linear subspaces W 
consists of a finite dimensional C-vector space V C with additional structures. Then there exists a natural functor
by associating to an object A its underlying C-vector space V C , with the µ-th weight and Hodge filtrations given by the image of the µ-th weight and Hodge filtrations of MHS g (Vec C ). More precisely, for any µ = 1, . . . , g, there exists an object A µ in MHS µ (Vec C ) which underlies A, with the weight and Hodge
• µ by C-linear subspaces on V C to be the filtrations given as the images of the subobjects
Remark 3.9. Combining (22) with the functor in Corollary 3.6, we have a functor
. By definition, this functor associates to an object
for any integers p, q ∈ Z. This shows that the functor (23) is defined independently of the ordering of the
is an object in the essential image of the functor (22), then the object
given by a reordering µ ′ = σ(µ) of the index for some bijection σ : {1, . . . , g} → {1, . . . , g} is also in the essential image of (22). 
Proof. The statement is trivial for g = 0. Assume g > 0, and let A be an object in MHS g (Vec C ), and
with respect to the functor (22). Then by construction, for any µ = 1, . . . , g, the quadruple Conversely 
is also a decomposition of mixed C-Hodge structures. This shows that V gives an object in MHS g (Vec C ). The above constructions are inverse to each other, hence we have the isomorphism of categories (24) as desired.
By combining Corollary 3.6 and Theorem 3.10, we have the following. Corollary 3.11. For g ≥ 0, the functor ϕ g C of (23) gives an equivalence of categories
We denote by ψ g C the quasi-inverse functor of ϕ g C obtained as the composition of the inverse functor of (24) with the quasi-inverse functor of (21).
M C-H
The main result of this section is Proposition 4.17, which characterizes g-orthogonal families in terms of the total weight filtration instead of the partial weight filtrations. First we will define the notion of a mixed weak g-plectic C-Hodge structure as an object in Fil 1 g (C) having the plectic Hodge decomposition and good systems of representatives of the decomposition. A mixed g-plectic C-Hodge structure will be defined to be a mixed weak g-plectic C-Hodge structure satisfying certain compatibility of filtrations.
Then we will see that there is an isomorphism between the category OF g C of g-orthogonal families of mixed C-Hodge structures and the category MHS g C of mixed g-plectic C-Hodge structures.
4.1. Mixed weak plectic C-Hodge structures. In this subsection, we will define the category M g C of mixed weak g-plectic C-Hodge structures. In what follows, for any index n = (n µ ) ∈ Z g , we let |n| := n 1 + · · · + n g . Furthermore, for r = (r µ ), p = (p µ ) ∈ Z g , we say that r ≥ p if r µ ≥ p µ for any µ = 1, . . . , g.
For non-negative integers l and m, we let Fil l m (C) be the category of multi-filtered C-vector spaces defined in Definition 3.7. For an object
and a subset I ⊂ {1, . . . , g}, we define the plectic filtrations F 
for any p = (p µ ) ∈ Z g , and
for any p ∈ Z. Note that there are natural inclusions
We will often omit the subscript of the notation when I = ∅. For example,
We first define the notion of a pure weak g-plectic C-Hodge structure.
Definition 4.1 (pure weak plectic C-Hodge structure). Let n be an integer. A pure weak g-plectic C-Hodge structure of weight n is an object
for any p ∈ Z g and I ⊂ {1, . . . , g}.
Note that since F • µ and F
• µ are finite filtrations, we have F p I V C = V C for any p whose components are sufficiently small. Hence (28) implies that we have
Remark 4.2. For any subset I ⊂ {1, . . . , g} we have
, where I c := {I, . . . , g} \ I is the complement of I in {1, . . . , g}. In particular, the equation (28) for I c implies that
Remark 4.3. Let V be a pure weak g-plectic C-Hodge structure of weight n, and consider p, q ∈ Z g such that | p + q| > n. If we let r := | p + q| − n > 0 and r 1 := (r, 0, . . . , 0) ∈ Z g , then we have | p + q − r 1 | = n. Since p − r 1 < p and q − r 1 < q, we have
for any subset I ⊂ {1, . . . , g}. By (29), the right hand side is {0}, hence we have the equality
. Remark 4.4. Let V be a pure weak g-plectic C-Hodge structure of weight n and I ⊂ {1, . . . , g} a subset. Then the total Hodge filtrations F • I and F
• I on V C with respect to I are given by
is a pure C-Hodge structure of weight n in the usual sense.
We next define the notion of mixed weak plectic C-Hodge structures. One subtlty is that for an object
, there are two natural "plectic" filtraions on Gr W n V C , which in general do not coincide. More precisely, the natural inclusion
is not in general an equality (see Example 4.7 below). In what follows, we adopt the left hand side and let
for any I ⊂ {1, . . . , g}.
Definition 4.5 (mixed weak plectic C-Hodge structure). A mixed weak g-plectic C-Hodge structure
satisfying the following conditions for any subset I ⊂ {1, . . . , g}:
(a I ) For any n ∈ Z and p ∈ Z g , we have
is a mixed C-Hodge structure in the usual sense. (c I ) For any p, q ∈ Z g and n := | p + q|, we have
We denote by M Due to Remark 4.4, we will view a pure weak g-plectic C-Hodge structure V of weight n as a mixed weak g-plectic C-Hodge structure by taking the weight filtration to satisfy W n−1 V C := {0} and W n V C := V C .
. Then, we have natural inclusions
for any I ⊂ {1, . . . , g}, which are not equalities in general. In what follows, we let
Example 4.7. We note that the definition of a mixed weak g-plectic C-Hodge structure is in general strictly stronger than the condition that for any n ∈ Z, the triple Gr
is a pure weak g-plectic C-Hodge structure of weight n. Consider the case when g = 2 and let V C := Ce 0 ⊕ Ce −4 with the filtrations defined by
Then we have Gr
W n V is a pure weak 2-plectic C-Hodge structure of weight n for any n ∈ Z, but V does not satisfy (34).
In the next subsection, we will see that (32) and (35) C is a mixed C-Hodge structure in the usual sense. Conversely, consider an object V in MHS C . Then (a I ) holds by Lemma 2.4 and (b I ) holds by definition. We prove (c I ). Let p, q ∈ Z and n := p + q. We prove by induction on k ≥ 0 that
Suppose w ∈ W n−1 V C . Since Gr W n−1 V is a pure C-Hodge structure of weight n − 1, we have a splitting Gr
w 1 ∈ W n−2 V C , which proves (36) for k = 0. Suppose (36) is true for an integer k ≥ 0. Then any element w ∈ W n−1 V C is of the form
V is a pure C-Hodge structure of weight n − k − 2, we have a splitting
and we see that
By induction, (36) is true for any k ≥ 0. Since W n−k−2 V C = {0} for k sufficiently large, we have
is also a mixed C-Hodge structure, condition (c I ) for I = {1} also holds.
4.2. The plectic Deligne splitting. In this subsection, we will prove Proposition 4.10, which is a plectic version of the Deligne splitting for objects in M g C . We will first define the plectic version of the bigradings A p,q and A p,q .
. For any I ⊂ {1, . . . , g}, p, q ∈ Z g , and n := | p + q|, we put
We denote by
Note that when g = 1, the subspaces (37) coincide with (4) in Proposition 2.6. 
for any n ∈ Z and p ∈ Z g , and in particular
, then for any I ⊂ {1, . . . , g}, ρ I is an isomorphism and the equalities (39) and (40) hold.
Proof. (1) Let p := | p|, q := |q|, and A p,q
W n V C , the assertion follows from Lemma 2.7.
(2) Assume condition (c I ) and consider an element ξ ∈ (
If we let ξ := u − u 0 = v + j ≥0 v j , then we have ξ ∈ A p,q I (V ) and ξ ≡ ξ (mod W n−1 ), hence this proves that ρ I is surjective as desired. Conversely assume ρ I is surjective. An element w ∈ ((F
, where by (37), we have u 0 ∈ (F p I ∩ W n )V C and u 0 is of the form
If n is sufficiently small so that W n V C = {0}, then the statement is trivially true. 
where the left and middle vertical arrows are the sum of the natural inclusions. The left vertical arrow is an isomorphism by the induction hypothesis, and the right vertical arrow is an isomorphism by (1), (2), and condition (a I ). This shows that the central vertical arrow is also an isomorphism, hence by induction, (41) is true for any n ∈ Z. This proves our assertion, noting that W n V C = V C for n sufficiently large and F p I V C = V C for p sufficiently small. (4) Follows from (1), (2), and (3).
Let V be an object in M g C . Then by Proposition 4.10, ρ I is an isomorphism and the equalities (39) and (40) hold for any I ⊂ {1, . . . , g}. We call the 2g-grading {A p,q I (V )} of V C the plectic Deligne splitting of V with respect to I.
and n ∈ Z, we define an object W n V (resp. Gr
to be the quadruple consisting of the C-vector space W n V C (resp. Gr Then we obtain additive functors
and Gr . Then for any n ∈ Z, the plectic (resp. total) Hodge filtrations of W n V and Gr W n V coincide with the filtrations induced from the plectic (resp. total) Hodge filtrations of V. In particular, W n V is also an object in M g C , and Gr W n V is a pure weak g-plectic C-Hodge structure of weight n.
Proof. By the direct decompositions (39), the natural inclusions (32) and (35) 
In particular, if S ′ is a subset of Z g × Z, then we have
In particular, α is strict with respect to the filtration (F for any p ∈ Z g and n ∈ Z, the equality (44) follows from equality (43) for 
The purpose of this subsection is to prove the following proposition.
Proposition 4.13. Let V be an object in
Let V be an object in OF g C and I ⊂ {1, . . . , g} a subset. For each µ = 1, . . . , g, we define
that is the Deligne splitting of the mixed C-Hodge structure
. By Proposition 2.10 and Corollary 2.11, the C-vector space A p,q I,µ (V ) with ν-th filtrations for ν µ is an object in OF 
Then Proposition 4.13 follows from the following propositions.
satisfies the condition (a I ) of Definition 4.5. That is, for any n ∈ Z, p, q ∈ Z g , and I ⊂ {1, . . . , g}, we have
Proof. For simplicity, we assume I = ∅. We prove the statement by induction on g. The statement for g = 1 is Lemma 2.4. Suppose the statement is true for objects in OF g−1 C
. By Lemma 2.4, we have . If we denote by W ′
• the filtration given by (45) for µ = 1, . . . , g − 1, the induction implies (52)
Note that by Corollary 2.11, W ′ n−m V C with the filtration induced from W g • , F • g , and F
• g is a mixed C-Hodge structure. Then
is an exact sequence of pure C-Hodge structures, hence by (8), we have
which is an isomorphism in OF (47) and (48), the left hand side of (54) 
. Hence the right hand side of (54) is isomorphic to r,s ∈Z g r ≥p, |r+s |=n
is a mixed C-Hodge structure for any subset I ⊂ {1, . . . , g}.
Proof. By Proposition 4.14, we have
for any p, q, n ∈ Z. Hence we obtain Gr 
for any p, q ∈ Z g . Moreover, the homomorphism
Proof. For simplicity we assume I = ∅. We prove by induction on g. The statement for g = 1 follows by definition. Suppose the statement is true for g−1, and let
and q ′ := (q 1 , . . . , q g−1 ) be the plectic Deligne splitting for the quadruple
is the filtration defined from the filtrations W µ
• for µ = 1, . . . , g − 1, and the family {F • µ } and {F
• µ } are for the indices µ = 1, . . . , g − 1. Then for n ′ := | p ′ + q ′ | and n g := p g + q g , we have
by the induction hypothesis. Note that by definition,
Hence we have
Let U be the mixed C-Hodge structure on
and F
• g . Applying Proposition 2.10 to the natural inclusion U ֒→ V, we have
By (9), (10), we have
hence we see that both are subsets of
This and (56), we have an inclusion
By Proposition 4.15 and Proposition 4.10 (1), the homomorphism
By Proposition 4.14, we have
Since V C and n∈Z Gr W n V C have the same dimension, (59) is an isomorphism. Hence (58) and ρ are isomorphisms for any p, q ∈ Z g , as desired.
Let V be an object in OF 
The goal of this subsection is to prove the following proposition.
Proposition 4.17.
(1) We have
, and any subset I ⊂ {1, . . . , g}. 
Moreover T g C and P g C are isomorphisms of categories.
We may define tensor products and internal homomorphisms in MHS
. Then we define the tensor product U ⊗ V to be the quadruple
, where the weight filtration is given by
for any n ∈ Z and the partial Hodge filtrations are given by
for any p, q ∈ Z and µ = 1, . . . , g. Next we define the internal homomorphism Hom(U, V) to be the quadruple
, where the weight filtration are given by
for any p, q ∈ Z and µ = 1, . . . , g. Then one can see that the tensor products and internal homomorphisms in MHS 
In order to prove Proposition 4.17, we prepare some results concerning the pure case.
Definition 4.21 (pure plectic C-Hodge structure). Let n be an integer. A pure g-plectic C-Hodge structure of weight n is a pure weak g-plectic C-Hodge structure (Definition 4.1) which is a mixed g-plectic C-Hodge structure (Definition 4.18) via the weight filtration given by W n−1 V C := {0} and W n V C := V C .
Note that, for a pure weak g-plectic C-Hodge structure V of weight n, the partial weight filtrations on V C are given by
. Then for any n ∈ Z, W n V is also an object in MHS g C
, and Gr
W n V is a pure g-plectic C-Hodge structure of weight n. Proof. By Corollary 4.11, W n V is an object in M g C and Gr W n V is a pure weak C-Hodge structure of weight n. By Corollary 4.12, we have
for any m ∈ Z, µ = 1, . . . , g, and I ⊂ {1, . . . , g}. Since W
is independent of I, (66) and hence (67) are also independent of I.
Example 4.23. For n = (n µ ) ∈ Z g , let C(n) = (V C , {V p,q }, {t µ }) be the plectic Tate object of Example 2.15. Then the object in MHS g C which is equivalent to C(n) via the above equivalence of categories, which we again denote by C(n), may be given by
where V C := C is a C-vector space of dimension one, the weight filtrations on V C is given by W −2 |n |−1 V C = 0, W −2 |n | V C = V C , and the partial Hodge filtrations on V C are given by
for µ = 1, . . . , g. The object C(n) is a pure g-plectic C-Hodge structure of weight −2|n|.
Lemma 4.24. Let n be an integer, and let V be a pure g-plectic C-Hodge structure of weight n.
Proof. We will show that for any ν µ, the C-linear subspaces W µ l V C , F l µ V C , and F l µ V C with the ν-th filtrations are mixed C-Hodge structure. First, for W µ l V C , we have
for any I, and
This shows that we have a splitting
for any p, q ∈ Z. Hence we see that W µ l V C with the ν-th filtrations is a mixed C-Hodge structure as desired. Similarly, for F l µ V C , we have Gr
for any I µ, and
Hence we see that F I µ V C with ν-th filtrations is a mixed C-Hodge structure. The assertion for F l µ V C follows from the same argument.
Next we will review some facts concerning the extension of mixed Hodge structures with respect to strict morphisms. We first define exactness of a sequence in Fil 
• , which is independent of I. First we show that (W n ∩ F l µ )V C with ν-th filtrations is a mixed C-Hodge structure for any µ ν and n, l ∈ Z by induction on n. This is true for n sufficiently small. Assume (W n−1 ∩ F l µ )V C with ν-th filtrations is a mixed C-Hodge structure. We have a short exact sequence of C-vector spaces
and F • ν can be written as direct sums of A p,q (V), the sequence (68) is strictly compatible 
W n V C with ν-th filtrations is a mixed C-Hodge structure by Lemma 4.22 and Lemma 4.24. Hence (W n ∩ F l µ )V C with ν-th filtrations is also a mixed C-Hodge structure by Lemma 4.26. Since W n V C = V C for n sufficiently large, we see that F l µ V C with ν-th filtrations is again a mixed C-Hodge structure as desired. The claims for W µ l V C and F l µ V C may be proved in a similar fashion.
Example 4.28. We note that MHS g C is strictly smaller than M g C for any g > 1. For example, consider the case when g = 2 and let V C := Ce 0 ⊕ Ce −4 with the filtrations defined by
M R-H
Let G be the tannakian fundamental group of the category of mixed R-Hodge structures MHS R , and for any integer g ≥ 0, consider the category Rep R (G g ) of finite representations of G g . In this section, we consider the real version of the theory discussed in the previous sections, and will calculate the extension groups in the category Rep R (G g ). In particular, we will define a functor Λ • , which associates to a complex U • in Rep R (G g ) a complex of R-vector spaces. We will prove in Theorem 5.27 that Λ • (U • ) calculates the extension groups Ext
5.1. Mixed plectic R-Hodge structures. Let g be an integer ≥ 0. In this subsection, we first give an explicit description of the category Rep R (G g ). We then define the categories MHS g R of mixed g-plectic R-Hodge structures and OF g R of g-orthogonal families of mixed R-Hodge structures. Proposition 5.1. An object Rep R (G g ) uniquely corresponds to a triple U := (U R , {U p,q }, {t µ }), where U R is a finite dimensional R-vector space, {U p,q } is a 2g-grading of U C := U R ⊗ R C by C-linear subspaces
such that U p,q = U q, p for any p, q ∈ Z g , and t µ for µ = 1, . . . , g are C-linear automorphisms of U C commutative with each other, satisfying t µ = t −1 µ and
for any p, q ∈ Z g . A morphism in Rep R (G g ) uniquely corresponds to an R-linear homomorphism of underlying R-vector spaces compatible with the 2g-gradings and commutes with t µ .
Proof. Our assertion follows the proof of Corollary 3.11, noting that the compatibility of the structures for each µ corresponds to the fact that the action of each component of G on the representation is commutative.
Example 5.2 (Tate object). The plectic Tate object in Rep
where V R := (2πi)R ⊂ C and the grading of V R ⊗ R C = C is the one-dimensional C-vector space whose sole non-trivial index is at p, q = (0, . . . , −1, . . . , 0)
where −1 is at the µ-th component, and t µ is the identity map for µ = 1, . . . , g. For any n ∈ Z g , we let 
is a mixed g-plectic C-Hodge structure. A morphism of mixed g-plectic R-Hodge structures is an R-linear homomorphism of the underlying R-vector spaces compatible with W • and F • µ . We denote the category of mixed g-plectic R-Hodge structures by MHS g R . A real structure on a C-vector space V C is an anti-linear involution σ :
g C ) and a real structure, in the following sense.
Lemma 5.5.
(
, and σ is a real structure on U C satisfying σ(U p,q ) = U q, p for any p, q ∈ Z g and σ • t µ • σ = t −1 µ for any µ = 1, . . . , g. 
, and σ is a real structure on
Proof. The lemma immediately follows from the fact that a real structure σ on V C uniquely corresponds to an R-linear subspace V R ⊂ V C such that the natural homomorphism V R ⊗ R C → V C is an isomorphism, by taking the fixed part of σ.
• is stable under σ, it induces a real structure Gr(σ) of Gr
which are equivalences of categories. Moreover T 
where the functors ϕ . Then one can see that they are compatible with tensor products and internal homomorphism in Rep R (G g ) via the equivalences (69). In particular we have the following corollary.
Corollary 5.8. The category MHS g R is a neutral tannakian category over R with the fiber functor
5.2. Representations of products of affine group schemes. In this subsection, we will prove Theorem 5.10 concerning a property of the representations of products of affine group schemes, and as a corollary, we show in Corollary 5.15 that any object in Rep R (G g ) is isomorphic to a subquotient of a g-fold exterior product of objects in Rep R (G). This result will be used later in the proof of Theorem 5.27. Let H be an affine group scheme over a field k. We let A := k(H ) be the affine coordinate ring of H so that H = Spec A. Then A is a commutative k-algebra, and the group scheme structure on H is equivalent to the comultiplication, counit, and inversion maps
which are homomorphisms of k-algebras satisfying
where i : k → A is the inclusion giving the k-algebra structure of A and m : A ⊗ k A → A is the multiplication. A commutative k-algebra A with the above additional structures is called a commutative k-Hopf algebra (or a k-bialgebra in [DM] ).
In what follows, all unmarked tensor products ⊗ are tensor products ⊗ k over the field k. For a k-vector space V, an A-comodule structure on V is a k-linear homomorphism φ : V → V ⊗ A such that the composite
is the identity map and
By [DM, Proposition 2.2] , there exists a one-to-one correspondence between A-comodule structures on V and k-linear representations of H on V . In what follows, a representation will always signify a k-linear representation on a k-vector space.
For the special case U := A with the comodule structure
induced from the multiplication of H , the corresponding representation of H on U is called the regular representation of H . The regular representation U of H is faithful; in other words, Ker(H → GL U ) = {1}. Consider affine group schemes H 1 and H 2 over a field k, and let A 1 := k(H 1 ) and A 2 := k(H 2 ) be the affine coordinate rings of H 1 and H 2 . For representations U 1 and U 2 of H 1 and H 2 , we denote by U 1 ⊠ U 2 the exterior product of U 1 and U 2 , which is a representation of H 1 × H 2 := Spec (A 1 ⊗ A 2 ) corresponding to the A 1 ⊗ A 2 -comodule structure Proof. Let A 1 := k(H 1 ) and A 2 := k(H 2 ). Then the multiplication of H 1 × H 2 corresponds to the map of k-algebras
If we let U 1 := A 1 and U 2 := A 2 , then the above map becomes
which by the definition of the exterior product is exactly the A 1 ⊗ A 2 -comodule structure on U 1 ⊗ U 2 giving the exterior product
In what follows, a finite representation of H will signify a k-linear representation of H on a finite dimensional k-vector space. Let Rep k (H ) be the category of finite representations of H . The purpose of this subsection is to prove the following result.
Theorem 5.10. For µ = 1, . . . , g, let H µ be an affine group scheme over k. If V is a finite representation of H 1 × · · · × H g , then V is isomorphic to a subquotient of an object of the form
We say that an affine group scheme H over k is an algebraic group, if the affine coordinate ring A := k(H ) is finitely generated as an algebra over k. We will first prove Proposition 5.13, which is a particular case of Theorem 5.10 when H µ are algebraic groups. The following result characterizes algebraic groups. 
Proposition 5.13 will be proved using the following result. Proof. Let U µ be the regular representations of H µ . Then by Lemma 5.9, U := U 1 ⊠ · · · ⊠U g is the regular representation of H := H 1 × · · · × H g . By [DM, Corollary 2.4] , U is the directed union U = α U α of finite subrepresentations U α of H . Since U is regular and is in particular faithful, we have
Since H is Noetherian as a topological space, we have Ker(H → GL U α ) = {1} for some α. Hence U α is a finite dimensional faithful representation of H . Let
for a i j ∈ k and w
By [DM, Proposition 2.3] , there exists a finite representation 
The following result will be used to reduce the proof of Theorem 5.10 to the case of algebraic groups.
Lemma 5.14 ([DM] Proposition 2.6). Let A be a commutative k-Hopf algebra. Every finite subset of A is contained in a commutative k-Hopf subalgebra that is finitely generated as a commutative k-algebra.
Proof of Theorem 5.10. Suppose V is a finite representation of v (i) ) may be written as a finite sum
for some a (i, j,k) µ ∈ A µ . By Lemma 5.14, there exists a Hopf subalgebra A ′ µ of A µ containing {a (i, j,k) µ } i, j,k which is finitely generated as a k-algebra. Then H ′ µ := Spec A ′ µ is an algebraic group over k which is a quotient group scheme of H µ . By construction, the comodule structure (71) on V induces the comodule structure
), hence V is a representation of the algebraic group H ′ 1 × · · · × H ′ g . By Proposition 5.13, V is isomorphic to a subquotient of an object of the form V 1 ⊠ · · · ⊠ V g for some finite representations V µ of H ′ µ . Since H ′ µ is a quotient of H µ , the representation V µ may also be regarded as representation of H µ . Hence V 1 , . . . , V g satisfy the desired property of our assertion.
We now return to the case of mixed R-Hodge structures. Let G be the tannakian fundamental group of the category of mixed R-Hodge structures MHS R , and for any integer g ≥ 0, consider the category Rep R (G g ) of finite representations of G g . Note that the category Rep R (G 0 ) is the category Vec R of finite dimensional R-vector spaces. For g > 0, the category Rep R (G g ) is equivalent to the g-fold Deligne tensor product of Rep R (G) over R. Recall that the Deligne tensor product A ⊠ B of k-linear abelian categories A and B over a field k is a k-linear abelian category with a k-bilinear functor 
, which gives the equivalence of categories
Hence as a corollary of Theorem 5.10, we have the following.
5.3. The functor Λ • . In this subsection, we will define the functor Λ • . In what follows, for any abelian category A , we denote by C b (A ) the category of bounded complexes in A . We denote its homotopy and derived categories by K b (A ) and D b (A ). Let U = (U R , {U p,q }, {t µ }) be an object in Rep R (G g ). For each integer µ = 1, . . . , g, we let
Definition 5.16. For any non-negative integer µ ≤ g, note that we have a natural decomposition G g = G µ × G g−µ of pro-algebraic groups. By taking the fixed part with respect to the action of G g−µ , we have a functor
On the level of objects, this functor may be described by associating to any object U in Rep R (G g ) the R-vector space Γ µ (U) R := u ∈ A 0 µ+1 (U) ∩ · · · ∩ A 0 g (U) | u = u, (t ν − 1)u = 0 (µ < ν ≤ g) with the induced 2µ-grading and C-linear automorphism t ν for ν = 1, . . . , µ, giving an object in Rep R (G µ ).
The functor Γ µ : Rep R (G g ) → Rep R (G µ ) defines a functor are elements in A m µ+1 (T ′ ). Then we see that
is an element in A m 1 ,...,m µ (T) ⊗ R A m µ+1 (T ′ ) as desired.
We will now prove Lemma 5.26. (T ⊠ R(0)) R , the 2(µ + 1)-grading and the C-linear automorphisms t 1 , . . . , t µ on S C are also given by the direct sum, and the C-linear automorphism t µ+1 is given by t µ+1 := id ⊗ t when restricted to R C and t µ+1 (w 1 , . . . , w N ) := (w 1 , . . . , w N ) + (T ⊠ R(0)) C ⊂ S C , then η ∈ A m 1 ,...,m µ ,0 (S) by construction, and we have
This shows that the class of ξ in C m 1 ,...,m µ µ (S) is zero as desired.
Suppose U is an object in Rep R (G µ+1 ). Then by Remark 2.16, we may view U as an object in Rep R (G g ). Since t µ+2 , . . . , t g for U is the identity map, we have B where the last isomorphism is Lemma 5.17. Hence the composition of isomorphisms (77), (78), and (79) gives our assertion.
Example 5.28. Let n ∈ Z g . When R(n) is the plectic Tate object of Example 5.2, then we have by (72)
In particular, if n = (n, . . . , n) for some n ∈ Z, then we have 
